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S1. DEVICE FABRICATION

The two 210 nm thick stoichiometric SigN, films are deposited using low-pressure chemical
vapour deposition (LPCVD). The 190 nm SiO, layer is deposited by plasma-enhanced chemical
vapour deposition (PECVD). The underlying substrate is a 4 um SiO, formed by thermal
oxidation of a silicon wafer. The OMOs are defined by electron beam lithography which is then
patterned by reactive ion etching. The heater pads are subsequently defined by photolithography
lift-off process. After defining the circular pads with lift-off resist, 200 nm of chrome is deposited
on the device using electron beam evaporation and the residual chrome is lift-off afterwards. In
order to release the structure, the device is immersed in buffered hydrofluoric acid (6 : 1) for an
isotropic etch of the SiO; in between the disks and the substrate layer. The device is then dried

with a critical point dryer to avoid stiction between the two SizN, disks.

S2. EXPERIMENTAL METHODS
A. Detailed experimental setup

We measure the optomechanical transduction of the coupled OMOs using the setup shown in
figure S1. The green (red) line indicates the pump (probe) laser path. The probe is only used when
taking the pump-probe measurements. The radio frequency (RF) spectral maps shown in the main
text and in figure S1 are obtained with the probe laser off. Both the pump and the probe laser
are fibre-coupled, tunable, near-infra (IR) lasers (Tunics Reference and Ando AQ4321D). Their
optical power is controlled using independent variable optical attenuators. The pump and probe
light are individually sent to a polarization controller and combined with a 50 : 50 directional fiber
coupler. A fraction of the power is monitored by a power meter which indicates the equivalent
input optical power to the system. To prevent the back scattered light from entering the laser,
an optical isolator is used before feeding the laser into a vacuum probe station (Lakeshore TTPX)
operating at a pressure of 107> mT. The light is evanescent coupled to the OMOs through a tapered
optical fibre waveguide by using a micro positioning system.

A small portion of the transmitted light (10%) is also monitored by a power meter. The re-
maining transmitted light is split with a wavelength division multiplexing coupler to separate the

pump and the probe laser. Since the pump power used is low, especially for sub-threshold mea-
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surements, the pump light is optionally amplified with a low noise erbium pre-amplifier (EDFA,
Amonics AEDFA-PL-30) before coupling to a 125 MHz bandwidth photodiode (New Focus 1181).
An additional detector (Thorlabs PDB150C-AC) can be switched on when the probe measurement
is necessary. Half of the detected signal is sent to an oscilloscope and the remaining is coupled to
a radio-frequency spectrum analyser (RSA, Agilent E4407B).

The heating light source is provided by another near-IR laser (JDS SWS16101), operating at
1550 nm, and amplified by a high power EDFA (Keopsys KPS-CUS-BT-C-35-PB-111-FA-FA)
that can provide a maximum power of 2 W. The light is sent to the microscope optics which focus
the light on to the device. Typically, 50 mW of laser power is needed to achieve the desired tuning

range, details of tuning aspect can be found in section S3 B.
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FIG. S1: Detailed experimental setup. See SI text for more details.

B. Measurements

The RF spectral maps are obtained by detuning the laser from blue to red into the optical
resonance in a stepwise fashion, as controlled by a voltage applied to laser’s external cavity piezo;
the laser used has a tuning coefficient of 1.1 GHz/volt. For each voltage step, the RF spectrum
is recorded. Therefore, the step size determines the vertical resolution of the RF spectra map
(see Fig.3 main text) whereas the resolution bandwidth of the RSA determines the horizontal

resolution. Here we used a detuning step size of 3 MHz and a resolution bandwidth of 1 kHz
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(100 Hz video bandwidth). This allows us to obtain a high resolution map while keeping the data

collection time reasonable (= 20 minutes).

C. Single and coupled cavities measurement

The single cavity data are obtained by coupling the tapered fiber either to the L or R OMO.
When one OMO is tested, the remaining one is heated by the heating laser with high power (~
50 mW) to ensure that they are completely decoupled. The coupled cavity data are obtained by
coupling to the R OMO with the tapered fibre. In this case we use the external heating laser to fine

tune the coupling so that their split spectrum is symmetric.

D. Pump probe measurement

The pump probe measurements provide direct evidence for the synchronization of the two
OMOs. The individual probe of each cavity, as shown in Fig. 4 main text, relies on the asym-
metric coupling of one the higher order optical supermodes. This asymmetry arises due to their
different optical resonant frequency (See section S3 A) which stems from the slight difference in
the geometry of the two OMOs. This leads to a different mode splitting for the higher and lower
order optical modes. In the devices we have tested, the majority of them show similar non-identical
mode splitting.

Due to its lowers optical quality factor (()) and reduced optomechanical coupling g,,,, the

threshold power for self-sustaining oscillations'? of the probe resonance is Pinpyope = 20 mW,

robe

which is roughly 20, 000 times larger than the pump resonance threshold optical power Py, ...

1 uW. We used a probe power of P, = (20 & 2) uW, ensuring a low-noise detected probe signal

without affecting the cavity oscillation dynamics.

E. RF time-domain output power

We record the real-time trace of the output detector signal with an oscilloscope for both the
asynchronous state (between dashed and solid line in Fig 3c) and the synchronized state (above
solid line in Fig 3c). As shown in the RF power spectrum in Fig 3d and figure S2 The oscillation

output RF power is increased by more than 5 dB as a the two OMO synchronizes. This is expected



,>\ T T ro To H
=3 :
3 : 1
2 i
(] o
Q. o]
4
|9
<
4§ 13 5% % —
O (S i ok S 3
% /! G J 3 V d ¥
a

1 1 ! e +

40 80 120 160 200

FIG. S2: Detector voltage time trace for the L OMO oscillating only state (left) and the synchronized state
(right). The synchronized optical RF power is more than 3 time higher than the L OMO oscillating only

state.

as both OMOs contribute to the total output optical RF power.

S3. LUMPED MODEL PARAMETERS
A. Optical and Mechanical modes

To obtain the optical and mechanical modes of the optomechanical disk cavity we rely on finite
element simulations using COMSOL®. From these numerical simulations we derive parameters
for the lumped model that describes the optomechanical dynamics, such as the effective motional
mass m. sy, and the optomechanical coupling rate g,,,. The optical modes are sought by solving
the Helmholtz vector wave equation with an ansatz E(r, z, ¢) = E(r, z) exp(im¢). In the table S1
we show the mode radial electric field profile for the lowest order optical transverse-electric (17'F)
modes. The mechanical displacement field is sought by enforcing complete cylindrical symmetry,
u(r, ¢, z) = u(r, z), the mode profiles are also shown on table S1. From the sought eigenmodes,
the optomechanical coupling coefficients for the supported optical modes are calculated using
boundary perturbation theory**,

b wpd U7) (Bez| B-1" + A D) dA

om = 4§ — & ? S1
Jom =9z = 2 [e|EFdv b

where the dimensionless displacement field is defined as U = u/ max |u

, the relative permitivity

differences are given by Aejp = € — €5 and Ael_; = 1/€; — 1 /€9, the unit vectors ¢ and 7 indicate



the tangential and normal components of the vectors. The effetive motional mass is calculated as,

Mesy = /p\UIQdV- (S2)
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TABLE S1: Optical and mechanical modes parameters. (a) Geometry of the optomechanical cavity used
to calculate the modes and parameters shown in the tables. For the optical modes profiles, it is shown the

modulus of the radial electric field |E - 7

; gom 18 calculated using Eq. (S1). whereas for the mechanical
modes it is shown the displacement amplitude |u| as colors and the deformation represents the normalized

displacement.



B. Top illumination thermal tuning

The coupling between the cavities is controlled by changing their resonant frequencies through
the thermo-optic effect. We choose to use 200 nm thick chrome pads as the heating element
since they absorb 25% of 1550 nm light at normal incidence, taking into account its reflectivity.
Chrome is also resistant to buffered oxide etch which follows in the fabrication steps. The 1550 nm
laser is amplified with an EDFA, coupled to the imaging microscope and focused on the chrome
pads. The heat absorbed by the chrome pads induces a temperature change AT = Ry, Paps,
where Ry, = OAT /0P, =~ 5.2 x 103 K/W is the simulated effective thermal resistance of our
device. Due to thermo-optic effect, the temperature frequency shift rate is given by the perturbation

expression,
owr wo. [ alr,z)Tal(r, (r, 2)| E|*dV

Ih=9AT T " on, T1ERdV

where 0 < T,¢(r,z) < 1is the dimensionless relative temperature distribution of the device, «

(83)

is the material-dependent thermo-optic coefficient, and n, is the optical mode group index. If we
define the overlap integral I' = [ |E[*/ [ E|*, Eq. (S3) is approximately given by gy, ~

(T(SIN))wOaSiNF /(2n,). In Fig. S3 we show the simulated relative temperature field 7,..;(r, z), at

rel

the edge of the disk 7,..; = TSN ~ 0.83. From these results we can estimate the top illumination

rel

laser power needed to tune the cavity’s optical frequency by Awr,

Awr 2ng (AwT)

Pabs =
gtthh Rn (TS aginl

(S4)

Wo
rel

For our device, tuning of 6\ ~ 0.2 nm is sufficient to completely decouple the two cavity modes.
Using n, =~ 1.8, asiy = 3 X 107° K1, and T =~ 0.59, Eq. (S4) gives a tuning efficiency Gin/2m ~
—256 MHz/K, therefore a laser power of P = P,;,;/25% ~ 24 mW is needed to control the optical
coupling between the cavities (see section S4 B).This value is in reasonable agreement with the

experimental power range.

S4. COUPLED OPTOMECHANICAL OSCILLATORS
A. Coupled mode equations

The optical modes a; and ay of each optical cavity are coupled through the optical near-field.

Due to scattering, there is also coupling between the clockwise (cw) and counter-clockwise (ccw)



FIG. S3: Thermal tuning of optical resonances. Simulated temperature (AT = T —Tp) profile of the optical
micro cavity. The bottom boundary act as a heat reservoir with constant temperature 7y = 300 K. In the

mirroring edge, where the optical modes are localized, the temperature is 7' ~ 0.83AT

optical modes, therefore we need to consider four optical modes, ! and o). The
coupled equations satisfied by these modes are given by>° ,

as® L —iw 2 I 0 as®

1 2 1 2 2 1

. ccw ip s ix ccw

ay B 5 5 — 1wy 0 5 ay

: cw ik 2 : i cw

as ) 0 —5 — 1w 5 as
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(85)

+ V71751 (t)

o o o

where w,,, are optical resonance angular frequencies, -, is total damping rate, /2 is the inter-
cavity optical coupling rate, and 7. = . /(7i, + 7e) is the coupling ideality factor, where ~, is the
external loss rate (due to the bus waveguide) and +; is the intrinsic damping rate’.

The system of Egs. (S5) can be diagonalized exactly, each eigenvector is governed by an equa-
tion of the form

mt T17eS1 <t>
3

where @ = (w1 +ws) /2,57 = (11 +72)/2and £ = k/1 — (§/K)?, where § = (71 —72)/2+1(ws —

bimsy = [—1 (@ + (=1)™E/2 % B/2) — 7/2] bim =) ()  form=1,2, (S6)



cw,ccw

wy). The original fields a;’,“" can be recovered from the eigenvectors through the relation,

ase —kba,—y + (€ +i6)bo,
ai | 1| b + (€ +i6)be (S7)
g | 2| b+ (€ — )b
agev kb1 + (€ = 10)bez )

where b, 1) = (as” = ai), Eq. (S7) will be used to calculate the optical transmission function

in the section S4 B below.

B. Steady-state transmission

To obtain the low-power steady-state optical transmission spectrum, we assume that the laser

driving term in Eq. (S5) is oscillating at w, i.e., s1(t) = s1e“*. Eq. (S6) can be written in a rotating

frame c(,,, 1)(t) = (1) (t)e™". The resulting equations will be of the form,

< . _ ~ m/iS v Y1Me
b(m,:l:) = [1A(m,:|:) — 7/2} b(m,:l:)(:l:) 12—51, form = 1, 2, (Sg)

where Ag, 4y = w — (@ + (—1)™&/2 £ 3/2) is the laser-cavity frequency detuning for each of

the optical supermodes. The steady-state solution to (S8) is given by

= (F)" 'lisl v 717707 , form =1,2. (S9)
26 [1Agn,x) —7/2]

The driving laser excites directly only the mode a{", therefore the steady state optical field trans-

mitted through the bus waveguide is given by,

s7" (wp) = 81— /meas” (S10)

where the optical field a;(w;) is given by Eq. (S7). The normalized field transmission, ¢(w) =

s9t(w) /sy is given by,

_ g _ ek §+iak (—=1)7k )
t=1-—1 282 j:ZLQ((_l)jﬁ+§+2A+i’_y+(—1)jﬁ—§—|—2A—|—if_y ; (S11)

where A = w; — @ is the detuning from the average frequency of the two cavities. The normalized
power transmission is obtained from the relation 7'(w) = |t(w)|*. In Fig. S4 we show the transmis-
sion T'(w) using the best-fit parameters w/(27) = 188.442 THz, 7/27 = 299 MHz, (k, 8)/27 =
(1700, 298) MHz, and 7. = 0.65. The fit loaded optical quality factor is Q) = w/5 = 630, 000.
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To obtain the thermal tuned transmission of our device, we use Eq. (S11) together with the results
described in section S3 B. The resonant frequency of the cavities, when the top-illumination is on,

is given by is given by w,,(T') = wyn, + g AT, where gy, /21 =~ —256 MHz/K (see section S3 B).
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FIG. S4: Optical transmission. (a) Best-fit steady-state normalized optical transmission (red-line), cal-
culated using equation (S11), and measured transmission spectrum (blue circles). The fit parameters are
described in the text. (b) Optical transmission showing the thermal tuning of the coupled cavities, the false-
color scale indicates the transmission. This map is obtained from (S11) using w1 (T") = w1, + g AT, in

good agreement with Fig. 2 in the main text.

C. Intrinsic mechanical frequencies

Using the optical read-out of the mechanical motion, as described in section S4 E, we measured
the mechanical quality factors using a low power optical probe coupled to the lower frequency
optical supermodel (right peak in Fig. S4a). The RF spectrum (100 averages) showing the two
mechanical modes is shown in Fig. S5. The fit parameters are the mechanical frequencies and
quality factors: (fr, fr) = (50.283,50.219) MHz and (Qy,, , Q) = (3.44+0.3,2.3+£0.2) x 10°.
Note that these intrinsic frequencies are slightly lower than the OMO self-sustaining oscillation

frequency. This is due to the optical spring effect explained in the main text.
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FIG. S5: Mechanical modes RF spectrum. (a) Double-Lorentzian best-fit steady-state normalized RF

spectrum (red-line), and measured RF spectrum (blue circles). The fit parameters are described in the text.

D. Mechanical equations and optomechanical coupling

The mechanical degrees of freedom of each cavity x;, x5 follows the usual optomechanical

equations”®19,
iy = —Tyin — By + —2"— (|5 + as*) + FY (1), (S12a)
ity = Tty — Qe + —g5"— (|af*[° + a5 [*) + F5 (1), (S12b)

where €2;, [, mgi}f represent the mechanical resonant frequency, dissipation rate, and effective
motional mass. Fr(t) is the thermal Langevin random force with expectation value <FZT> = 0 and
correlation function (F (¢)F(t + 7)) = ZkBTmS} sL'i0(7), where kg is the Boltzmann constant
and §(7) is the Dirac delta function. In contrast to the phonon-laser regime'!, we ignore terms
which couples, through the mechanical displacement field, the optical modes b( 1) with b4 2);
this is justified because x > €17, r. Here we used the optical force as the positive gradient of the
energy, this is a convention but must be consistent with whether the cavity frequency increases or
decreases with increasing mechanical displacement; in our case the optical frequency decreases
with the mechanical displacement” .

The full optomechanical dynamics is obtained by solving simultaneously Eqgs. (S12) and (S5),
such dynamics is discussed in detail in section S6. It is however instructive to analyze how a
prescribed mechanical motion of the two mechanical oscillators is read-out through the optical

modes (see section S4 E), also how the optical force term in Egs. (S12) couples to the two of them
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(see section ).

E. Optical transduction of mechanical oscillations

To account for the mechanical effect on the optical transmission we first assume that the me-
chanical motion is independent of the optical fields'?, which is equivalent to ignoring the dynami-
cal back-action. Therefore we can use Egs. (S6) for the optical eigenvectors and simply replace the
optical cavity’s resonant frequency by w; — w; + gom;, Where z; is the mechanical displacement

amplitude for each cavity. The resonant frequency of each eigenmode b(,,, +) will be given by,

W) (i, 1) = O3, 25) £ E (w3, 25) /2 £ 52, (S13a)
where &(x;,z;) = |wi(z) +w;(x;)] /2, E(2s,25) = k(1 — [0(2s,2;)/k]? and 6(z;, ;) =

(v —7)/2 + |wj(x;) — wi(x;)]. Due to the nonlinear £(x;, ;) dependence on the mechanical
displacement amplitudes x; 5, The usual analytical approach to derive the optomechanical trans-
duction coefficient does not apply'>. However we can get insight into the problem if we consider
the strong optical coupling limit, i.e., §(x;, z;)/k = gom(x; — ;)/k < 1 which means that the
optical frequency splitting between the cavities is large compared to the mechanically induced
frequency shift, therefore &(x;, z;) ~ k + O(6?/k?). To further simplify the analysis we assume
that the two cavities share identical optical optical properties, i.e., w1 (21 = 0) = wa(zs = 0) = wy

and y; = 2 = . In this case Eq. (S13) is approximated by,

Wim,+) (%1, T2) R Wom,+) + Jom (T1 + T2) (S14)

where wo(m,+) = wo + (—1)™"k/2 £ §/2. Combined with the above relations, Eq. S6 yields the
following equation for the optical eigenmodes b, +),

iwt
() VI poriz12. (S15)

binty = [—iWo(m+) — 1Gom (T1 + T2) — 7/2] b+ 5

The equations above (S15) can be formally integrated for a prescribed mechanical motion (z; =
A; sin(Q;t + ¢;)). The homogeneous solutions (s; = 0) decay exponentially and does not con-

tribute after the initial transients. To find a particular solution satisfying (S15) we employ a com-
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mon approach relying on the Jacobi-Anger expansion'?'?,

exp [ipt1 cos(Qt + ¢1) + ipg cos(Qat + ¢o)] =

©° _ , (S16)
Z ip+qu(M1)Jq(,Ug)61(p91+q92)t+1(¢1+¢2)a

p,qg=—00
where (1; = gomA;i/SY; is the optomechanical modulation depth. Inserting Eq. (S16) in (S15) and

solving the resulting equations gives,

bim,+)(t) =

(&)™ s1y/717e1 @it o 1 cos(t+65)] Z P (1) Ty () € @922 (S17)
2 /2 + i (—Dowm,x) + P + ¢2)’

p.q
where the sum over m, n extends over [—o0, oo], and Ag(m,+) = Wi — Wo(m,+)- From Eq. (S17) we
can clearly see the that cavity field exhibit tones at combinations of the mechanical frequencies

(m£y + nfly) of the two cavities.

SS.  TOY MODEL FOR SYNCHRONIZATION

In this section we derive an approximate model to describe the essential features of our coupled
oscillators. Although we develop a first order linear approximation of the two coupled optome-
chanical oscillators, they constitute an intrinsically a nonlinear system, as described in detail

elsewhere'>.

A. Optically mediated mechanical coupling

The optical force driving terms in Eqs. (S12) can be written in terms of the diagonal modes
b(m,+) from Eq. (S17) by using Egs. (S7). As in section S4 E, for large optical coupling the terms
are only resonant with the driving laser one at a time, therefore we can focus on the effect of a
particular choice of (m,=£). To simplify the notation we use Ay, 1) = Ay, and bgy, 4y = by
below. We also assume that effective motional mass of the individual oscillators are identical, i.e.

mgcf) = meg. The driving force in each oscillator is proportional to |b,,|?,

gom |bm’2 —

F(j) _
P Wom) 4wo(m)

. 2
_gomPin'YIUCI Z ip+qu (/~L1) Jq (:uQ) 61(p91+q92)t (S18)

/2 + i (A + P + ¢82)

p.q

which contains both DC terms and oscillatory terms.
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Although our oscillators may exhibit large oscillation amplitude (gom,mx; > 7), it is instructive to
analyze the small amplitude dynamics arising for the the driving term in Eq. (S18). This treatment
is entirely analogous to the one used to derive the optomechanical damping and spring effect in
uncoupled OMO’s>”? . For the small amplitude oscillation, the modulation parameters are small,
i.e., (i = gomx:i/S2 < 1, therefore the Bessel functions in (S18) can be approximated by their
small argument limit, J,, (1) ~ #(g)” We neglect any terms which are quadratic in the p; o,
which also account for summing Eq. (S18) only over p, ¢ = 0, &1 since higher order terms will
result in terms which are O(?). The p, ¢ = 0 terms result in a DC component of the force,

g _ Gom Pinyine
e = 3 2 (s ) o

j=L,R wo(m)

The impact of the DC term above is to shift the static equilibirum position of the mechanical
oscillators. As a result, the actual optical detuning is also shifted, to account for this DC shift we
substitute A,,, — A/, where A! = A,, + gom(T1 + T2).

When p, g = %1 the resulting terms are quadratic in p; » and will be neglected in this first
order approximation, therefore the lowest order AC terms are given by combinations (p, q) =
(0,+1) and (p,q) = (£1,0).

G JomPin 171
FY) = %m;d D A [ cos(Qt) fi(A,, Q) + sin(Qt) fo(A,, Q)] (S20)
j=L,R
where the functions f; o(A), which correspond to the in-phase (x sin (€2;¢)) and quadrature of

phase component (o< cos (£2;)) of the AC force, are given by

fo(Ay,, Q) = 1G)An (S21a)
T e (- ) 9 (P4 %) + (324 aR)
: 207, ((3)* + A% — )
fi(AL, Q) - - 3 (S21b)
202 () =A%) + Q1 ((3)2 + AZ) + ((3)2 + AZ)

We can now use the transformations sin(€2,t) — z;/A;, cos(2;t) — &;/(A;€2;) and rewrite (S20)

as

2 .
j gomPin’y c / ZT; ’
FO(IQAC = = 17c1 Z [—l’jfl(Am, Q]) + Q—]fQ<Am, Qj) (822)
J

Wo(m) IR
J=L,
Equation (S22) above shows that for each oscillator the driving force will have a component pro-
portional to its displacement (x;) and its velocity (x;). But there are also terms proportional to the

displacement and velocity of the opposing OMO; these are the terms that couple the two OMOs
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and form the basis for synchronization in our system. Note that if higher order terms were kept
in the expansion of Eq. (S18), nonlinear terms would appear in Eq. (522).

Above we derived the small amplitude form of the optical forces driving our coupled oscillators,
we did not use the fact that our cavities are in the so-called unresolved sideband regime where the
mechanical frequencies are much smaller than the optical linewidth, i.e., ©2;/7 ~ 0.2 < 1. In this

limit, Egs. (S23) can be written as,

4(1)A!

fo(Al) =~ — ()4 T (S23a)

(32 +(An)?)

20/

fi(Al) ~ . m/ eE (S23b)

((3)2+(AL)%)

Now we can write the (S12) as two coupled harmonic oscillators,
iy + Diay + ()% = —krg + ko, (S24a)
i’g -+ F/Q.TQ + (9/2)21'2 = —klxl -+ le"l, (SZ4b)
where the modified frequency and damping rate are given by (assuming 59? ~ 20;69)),

F; =T, — B;ifo(AL), (S25a)
Q; =Q; + %fI(A;n), (S25b)
Ky = B, fo(A,). (525¢)
b = B h(A,) (25d)

with 8 = g5 Pinyiner/ (mgffWO(m)Qj)-

Therefore, in the small modulation regime (p; 2 < 1), our system resemble harmonic oscil-
lators in which both the damping and frequency are controlled by the optical field; this result is
exactly what one would get from uncoupled OMOs. With the reduction of the mechanical damping
rate for a blue detuned laser. (A!, > 0), these two damped oscillators may undergo a bifurcation
when the effective damping rate (I"}) reverses sign. In this first order approximation there is no
additional nonlinearity to prevent the oscillations to grow unbound, however it is known that the
higher order terms in the force expansion ((S18)) will balance the amplitude growth and eventually
lead to a stable periodic orbit (limit cycle)'?? *'*. The optical coupling in our system couples the two
harmonic oscillators with both amplitude and velocity dependent terms, with coupling strengths
k1, kg, respectively. The functional dependence of such coupling is the same as the self-induced

optical spring and damping rate, as given by (S25).
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B. Approximate Kuramoto model

In the small amplitude approximation that lead to Eq. (S24), one can also derive slowly-varying
phase and amplitude equations that describe the dynamics of our system. To accomplish this we

assume the following form for our displacement amplitudes,

x1(t) = ri(7) expipy (1) exp i, (S26a)
xo(t) = ro(7) expign(T) exp Q. (S26b)
where Q2 = (1 + Q)/2 is the average frequency of oscillation. Substituting this ansatz in Egs.

(S24) and assuming that the negative damping induced by the optical wave exactly balances the in-

trinsic viscosity of the oscillators (I” =~ 0) we obtain the following amplitude and phase equations,

. k kyra sin(A
=R (024 03 o) - IEHED (s
k kyry sin(A
o= (02 4 03) cos(Ag)) + TIIHED) g
2 2 i
Ab =200 + (R? — 1) cos(A¢) (vkq + 2ki) N (R* + 1) sin(A¢)kg (S27¢)

2RO R

where Ap = ¢1—po, R = r1/r9 and AQ = Q) —2),. Note that in this approximation the limit cycle
has zero amplitude; this is the case because we neglected the higher order terms when deriving Eq.
(S24). Despite such limitations of this toy model, the phase dynamics given by Eq. (S27) enables
us to visualize how does the Arnold tongue (|AQ2| < ki) behaves as we vary the laser detuning.
We assume that limit cycles of the individual oscillator will have similar amplitude (R = 1) and
require A¢ = 0 for a synchronized oscillation. When |AQ| < ki this conditions can be satisfied
and defines an Arnold tongue for this simple model; inside the Arnold tongue the system can
synchronize (A¢ = 0). In Fig. S6 we show the Arnold tongue plot for our system, in Fig. S6a we
plot it in the usual way, as function of the coupling coefficient (k;), whereas in Fig. S6b we plot the
tongue as a function of the laser detuning by using Eq. (S25). Due to the model simplicity and lack
of higher order terms, it does not predict the precise values for the synchronization region observed
in the experiment ( Fig. S6b), however it does agree qualitatively; for higher optical power levels
the tongues get wider and allows a given mechanical frequency difference to synchronize at larger

detuning, as shown in figure 3 of the main text.
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FIG. S6: Arnold tongue for the simplified Kuramoto model, inside the tongues the system can exhibit
synchronized oscillation. (a) Usual tongue as a function of the coupling parameter k;. (b) Tongue when
ky is explicitly written in terms of the laser-cavity detuning. The three tongues in (b) are obtained with the
optical input power values of P, = 1,5,15 uW, the lower power is the blue whereas the highest power is

red tongue. f is the average mechanical frequency of the oscillators.

C. Oscillation treshold

The individual threshold to achieve self-sustaining optomechanical oscillations can be esti-
mated by forcing [V = 0 in Eq. (S25)), the resulting threshold condition (A" = 7/2) follows the

expression,
Qmmeffw4

N 8ncg§QOQ3
where () is the optical quality factor, (), is the mechanical quality factor, 7. = 7./~ is the ideal-

Py, (528)

ity coupling factor, it can be obtained from the experimental spectrum through its relation to the
minimum transmission value’. In our experiment 7, = 0.65 (see Fig. S4). Since the threshold de-
pends nonlinearly on several measured and calculated parameters we propagate the error through

the usual relation,
ey G = () (02) (=) (%) +(82)
—— = + == +(4—) +(2 + (3= ) + (== S29
f)th \/ Mt Qm w Gom Q Qm ( )

17




where the ¢ before each quantity indicates its standard deviation. The sum of relative errors is
dominated by the errors bars of g,,, and (), using the error bars indicated in the main text we
obtain P,/ Py, ~ 35%. This is a large deviation but is found to impact only the precise optical
input power that results in a RF spectral map that matches the experimental data, as shown in the

main text.

S6. SYNCHRONIZATION SIMULATION
A. Simulation approach

To simulate the synchronization dynamics and obtain the results shown in Fig. S7, we nu-
merically integrate the system of equations (S5), including the displacement dependent optical
resonant frequencies, i.e. wi2(r) = w12 + Gom®12, together with the two harmonic oscillator
equations (S12). This is accomplished using the NDSolve function in the commercial software
Mathematica®. In the absence of the random thermal noise force in Eq. (S12), it is numerically
challenging to capture the dynamics before the regenerative oscillation threshold is reached, this
is because the steady-state is a static one, i.e., 712 = 0. To overcome this issue we add a weak
(low-temperature 7' = 1 K) noise that prevents the dynamics to reach such static equilibrium.
Since NDSolve is a deterministic solver we include the thermal drive by assigning to FlT o(t) the

outcome of a random variable with with expectation value and correlation function given by

(1) = 0 (530
<FiT(t)ET(t+T)> = 2kBTmS}fFZ»5(T), (S31)

where kp is the Boltzmann constant. The discontinuity of this random driving term can lead
to instabilities in /N D Solve, to overcome this we smooth out thenoise term by interpolating the
random force with a correlation time ¢, = (27/€2;)/30. Such short correlation time ensures that the
noise power spectrum density (PSD) is white within the frequency range of interest.The reliability
of this approach is confirmed by verifying that for weak pump powers (P < Fj;,), the integrated
power spectrum density S, () = |x;(€2)|” satisfy the fluctuation-dissipation theorem'*.

(9) = o [ satean - oL

@) 2
mefoi

A complete analysis of the noise in synchronized systems is beyond the scope of this work,

(S32)

since an accurate numerical noise dynamics will require the simulation of the coupled non-linear
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stochastic dynamics of the optomechanical cavities'>>'°. The computational complexity of such

systems is also high due to the requirement for slow convergence, first order, fixed time step

simulation'”"?.

B. Simulation results
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FIG. S7: Numerical simulation of the coupled oscillation dynamics. From a to e: transmission RF
spectra, displacement power RF spectra of the L and the R OMOs, and the displacement phase diagram of
the L and the R OMOs, for input powers at (A)FP;, = 4.9 uW, (B)P;,, = 15.8 uyW and (C) Py, = 17.9 uyW.
xy, (xR): displacement of the L and R OMOs.

The simulation also allows us probe not only the optical transmission PSD, but also the me-
chanical displacement PSD and time series of each OMO. The complete simulation results for
the pump laser powers described in the main text are shown in fig. S7. The only parameter we
adjusted to obtain the maps shown in figures 3 (f,g,h) in the main text and S7 was the optical pump

power.



In figures S7TA (P, = 4.9 uW), the mechanical power spectrum of the oscillators (fig.
S7A(b,c)) shows that for (—0.25 < Aw/2r < —0.13 GHz), only L OMO is oscillating; the
R OMO is forced to oscillate at the L OMO’s frequency but have not yet reached its oscillation
threshold. This is illustrated by the displacement state space figures shown in fig. S7A(e) for
Aw/2m = —0.21 GHz (blue dashed line in fig. S7A(a)), note that |z | is about 20 times larger
than |zg|. At Aw/27 = —0.25 GHz, marked by the red-dashed line in fig. S7A(a), the situa-
tion changes and the R OMO oscillates with larger amplitude (|zr| ~ 3.5|x|) but at different
frequencies; the result is a Lissajous figure that fills in the whole state space.

In figures S7B (F;, = 15.8 uW), in the asynchronous region, indicated by the blue dashed
line, the L OMO oscillates with an amplitude roughly 15 times of the R OMO in agreement with
the measured RF spectrum and the pump probe measurement. In the unified frequency region,
for both power levels P;,, = 15.8 uW and P, = 17.9 uW in fig. S7C, the phase diagram shows
the two oscillators are synchronized and their amplitude differ less than 20% in agreement to the
pump-probe measurements. The synchronization phase for figs. S7C(d-e) is roughly ¢ = 160°,
also all the simulations for our system resulted in phase differences close to 7, in agreement with
the discussion in'® that the anti-phase synchronization is a more stable state when the oscillations
amplitude x, xr are not identical.

The criteria for the optimum fitting is the matching of the laser frequency at which the bifur-
cation occurs, which is sufficient for explaining all of the non-linear phenomnena observed. The
difference in the simulation power level and experimentally measured power level may be due to
the variations in etched geometry, film thickness and optical losses. Fitting the entire spectra may
provide a closer numerical match but it requires a full analysis taking account of of non-linear
error propagation, detector and spectrum analyzer response function and multidimensional fitting

that is beyond the scope of this paper.
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